Introduction
Let (R, m) be a Noetherian local ring of dimension d and of prime characteristic p > 0, and let I be an m-primary ideal. Then one defines the Hilbert-Kunz function of R with respect to I as HK R,I (p n ) = ℓ(R/I (p n ) ), where I (p n ) = n-th Frobenius power of I = ideal generated by p n -th powers of elements of I. The associated Hilbert-Kunz multiplicity is defined to be HKM (R, I) = lim n→∞ HK R,I (p n ) p nd .
Similarly, for a non local ring R (of prime characteristic p), and an ideal I ⊆ R for which ℓ(R/I) is finite, the Hilbert-Kunz function and multiplicity makes sense. Henceforth for such a pair (R, I), we denote the Hilbert-Kunz multiplicity of R with respect to I by HKM (R, I), or by HKM (R) if I happens to be an obvious maximal ideal.
Given a pair (X, L), where X is a projective variety over an algebraically closed field k of positive characteristic p, and L is a base point free line bundle L on X, one can associate three notion of HK multiplicity to it: consider the map X φ −→ P r induced by L, this gives the map ⊕ n≥0 H 0 (P r , O P r (n)) φ * −→ ⊕ n≥0 H 0 (X, L ⊗n ), and one can consider (1) the HK multiplicity of the "homogeneous coordinate ring" A = ⊕A n (= the image of φ * ), with respect to its maximal ideal ⊕A n>0 , (2) HK multiplicity of the section ring B = ⊕B n = ⊕H 0 (X, L ⊗n ) with respect to ⊕ n>0 B n and (3) HK multiplicity of the section ring B with respect to the ideal generated by B 1 = H 0 (X, L). In earlier examples of this type, for which Hilbert-Kunz multiplicities have been computed, the two rings A and B coincide, since L is very ample and X is projectively normal with respect to the corresponding embedding. In particular all the three above mentioned HK multiplicities coincide. But this is not clear in general, even if L is very ample.
Given a pair (X, L), where L is ample and base point free, we define HKM (X, L) = HK multiplicity of the section ring B with respect to the ideal B 1 B.
In general we see (theorem 2.3) that HKM (X, L) = (HKM (A)) deg (X/φ(X)).
In particular when X is birational to its image φ(X) or the line bundle L is very ample then HKM (X, L) = HKM (A).
1991 Mathematics Subject Classification. 13D40. Now given a pair (X, L) as above, where X is a projective curve over k, consider the canonical map (which is surjective, since L is base point free)
Define the following notions:
(i) the kernel bundle for the pair (X, L) is the kernel sheaf of this map; denote it by K L (ii) (X, L) satisfy condition (⋆) if the pullback of K L under any iterated Frobenius map F s : X −→ X is semistable (definition 2.1).
In particular, if (⋆) holds, we have that K L is itself semi-stable.
In our earlier paper [NT] we computed HK functions of elliptic curves, i.e. nonsingular curves of genus g = 1. Here, we first compute the HK multiplicity of (X, L) (proposition 2.2), where X is a nonsingular curve of genus g ≥ 2 and L is a base point free line bundle on X, given that the pair satisfy condition (⋆).
In particular, this gives (here all the three multiplicities are equal) for
(1) HKM (plane quartic curves with one node or cusp) = 3, (2) HKM (X, ω X ) = g, where X is a nonsingular curve of genus g ≥ 3 which is either hyperelliptic, or has a hyperelliptic specialization, and ω X is the canonical sheaf of X. Next, we show that the relation between Frobenius semistability of the kernel sheaf and HKM (X, L) gives a lower bound on HKM (X, L) and HKM (A) (theorem 2.3), where X is a curve (possibly singular) and L is a very ample line bundle on X, in terms of the degree of L and dimension of H 0 (X, L).
One consequence of this is that for a pair (X, L), if HKM (X, L) does not achieve the lower bound, then K L is not Frobenius semistable, i.e., the pull back of K L under a large enough iterate of Frobenius is not semistable. Thus, the HK multiplicity gives a numerical test for the Frobenius semistability of K L . This is of some interest in case K L is itself semistable, for example, when L = ω X [PR] , or deg L ≥ 2g (Proposition 3.2).
Note that the HK multiplicity for certain nonsingular plane quartic curves have been computed by Monsky ([M1] , [M2] ). These are precisely the homogeneous coordinate ring for (X, ω X ), where X is a nonsingular non-hyperelliptic curve of genus 3 over a field of characteristic 2, such that the equation defining the curve is a nondegenerate S 4 -quartic.
In general, Theorem 3.10 and Proposition 3.14 give a formula for the HK multiplicity of an arbitrary nonsingular plane curve X of degree d over a field of characteristic p > 0 :
, and 2l is an integer congruent to pd (mod 2), and −1 ≤ s ≤ ∞ is such that F s * K OX(1) is semistable and F (s+1) * K OX (1) is not semistable (here s = −1 means that K OX(1) is not semistable, while s = ∞ means that K OX(1) is Frobenius semistable, i.e., (⋆) holds). Thus, the kernel bundle is Frobenius semistable precisely when the HK multiplicity attains the minimal value 3d/4 for plane curves of that degree (as determined in [BC] ). So in this case, we have a numerical characterization of Frobenius semistability of the kernel bundle, via HK multiplicity.
Using this, and Monsky's results, we prove the following (see Proposition 3.13): for any integer n ≥ 0, there exists an explicit rank 2 vector-bundle V on a nonsingular curve of genus 3 over a field of characterstic 2 (chracteristic 3), such that F n * V is semistable, but F (n+2) * V (F (n+1) * V respectively) is not semistable.
Finally, for an arbitrary base-point free ample line bundle L on a non-singular curve X of genus g, we find an expression for HKM (X, L) in terms of the ranks and degrees of the vector bundles occuring in a "strongly stable Harder-Narasimhan filtration" (in the sense of recent work of A. Langer [L] ) of some Frobenius pullback of K L (see Theorem 4.1). Though this seems difficult to use in actually computing the HK multiplicity, except when (⋆) holds, it does imply that it is a rational number, for instance. I would like to thank P. Monsky for his encouragement, as well as interesting questions, and for sending me several of his as yet unpublished papers. I would also like to thank R. Buchweitz for his kind words. Finally, I would like to thank V. Srinivas for stimulating discussions, and helpful suggestions.
Some of our results, particularly the formula for HK multiplicity in Theorem 4.1, are also contained in an equivalent form in a recent preprint of H. Brenner [B] . Our results here have been obtained concurrently, and independently.
Semistability and HK multiplicity
We first recall the notion of semistability. If V is a vector bundle of rank r on a projective curve X, recall that deg V := deg (∧ r V ), and slope (V ) :
Remark: From the above definition it follows that if V is a semistable vector bundle with negative slope then H 0 (X, V ) = 0.
From now onwards, X is a nonsingular (projective) curve of genus g ≥ 2 over an algebraically closed field k of characteristic p > 0 and L is a base point free line bundle on X, unless stated otherwise. Recall the notation h i (X, F ) := dim k H i (X, F ), for any coherent sheaf F on X, and i = 0, 1.
.
Proof. Let B = ⊕ n≥0 H 0 (X, L n ) and let m = ⊕ n>0 H 0 (X, L n ) be the irrelavant maximal ideal. Let B n = H 0 (X, L n ). Consider the Frobenius twisted multiplication map,
given by r ⊗ r ′ → r q r ′ , where r ∈ B k and r ′ ∈ B n−kq and B (q) k = B k as an additive group with k-action on it given by λ · r = λ q r for λ ∈ k and r ∈ B k . Now
Consider the short exact sequence
is the canonical map and K L is its kernel sheaf (this canonical map is surjective because L is base point free). This gives
where q = p s and F : X −→ X is the Frobenius map. Hence we have a long exact sequence of cohomologies
where the second map is µ 1,n+q , Now if (X, L) satisfies the condition (⋆), i.e., if F s * K L is semistable for all s ≥ 0, then
where the assertion (2) follows from Serre duality and the well known fact that if V is semistable then so are V ∨ and V ⊗ L for any line bundle L. Let us compute the slopes of F s * K L ⊗ L n and of ω X ⊗ (F s * K L ⊗ L n ) ∨ . Let d = deg L and let h = h 0 (X, L). Then rank K L = h − 1, and so
We want to compute HKM (B, m) := HK multiplicity of the section ring = lim
Claim:
Proof of the claim. Case 1 If n + q < q/(h − 1) + q.
In particular im µ k,n+q = 0 for k ≥ 2. Hence in this range ℓ(B n+q / k im (µ k,n+q )) = ℓ(R n+q /im (µ 1,n+q )).
Then ℓ(B n+q /im (µ 1,n+q )) = 0 hence ℓ(B n+q / k im (µ k,n+q )) = 0.
Therefore lim
Hence the claim.
Therefore we have
This proves the proposition.
Theorem 2.3. Let X be a projective curve (possibly singular) with a base point free ample line
moreover, if X is nonsingular such that the pair (X, L) satisfies the condition (⋆) then the HKM (X, L) = HK multiplicity of the section ring of (X,
. Then L = f * M, and as a graded ring,
Let r = deg(X/Y ). Then for some t > 0, there exists a generically surjective map
since M is ample on Y , and f * O X is a coherent sheaf of rank r on Y . Now the dimensions of the supports of kernel g and of cokernel g are strictly less than the dimension of O Y . Hence, for the canonical induced map (which is graded of degree t)
the dimensions of the supports of kernel g * and of cokernel g * are strictly less than the dimension of the ring ⊕ n≥0 H 0 (Y, M n ). Therefore if we let
be the homogeneous coordinate ring with the irrelevant maximal ideal m = ⊕ n>0 A n . Then A ֒→ C with A 1 = C 1 , and there exists n 0 such that for n ≥ n 0 we have
−→ C n+q are the respective Frobenius twisted maps then for n ≥ n 0 , we have coker µ 1,n+q = cokerμ 1,n+q . But
and
This implies HKM (A, m) = HKM (C, C 1 C) and therefore r · HKM (A, m) = HKM (X, L).
This proves the first inequality of the case 1.
In case X is a nonsingular curve such that the pair (X, L) satisfies the condition (⋆), then we have observed, in the proof of proposition 2.2, that for k ≥ 2 the image of the Frobenius twisted map B Now we come back to the general case, i.e., when X is a curve with a base point free ample line bundle L on X. Then
Choose n 0 such that ℓ(B n ) = h 0 (X, L n ), for all n ≥ n 0 . Then for q ≥ n 0 (h − 1)
Hence
This proves the theorem.
Applications and examples
We discuss some examples when (X, L) indeed satisfy condition (⋆), i.e., the vector bundle K L remains semistable under all Frobenius pull backs. But before that we need to check the first necessary condition, i.e., that the vector-bundle K L is itself semistable.
The following proposition is due to Paranjape and Ramanan [PR] .
Proposition 3.1. Let X be a nonsingular curve of genus g ≥ 2. Then for the pair (X, ω X ),
where ω X is the canonical line bundle of X, the sheaf K ωX is semistable.
In fact a similar argument proves the following.
Proposition 3.2. Let X be a nonsingular curve of genus g ≥ 2 and L a (base point free) line bundle on X such that deg L ≥ 2g. Then K L is semistable.
Proof. Consider the short exact sequence . Let F be a quotient bundle of K ∨ L ; then F is generated by its global sections, and h 0 (X, F ) ≥ r + 1 if rank F = r (otherwise it would contradict the fact that h 0 (X, K L ) = 0, because if F is trivial, then so is F ∨ , and this would imply that h 0 (X, K L ) ≥ r). We choose (see [KR] )
be the corresponding short exact sequence. Then M is a line bundle, isomorphic to ∧ r F ∨ , so that deg F = deg M ∨ . Note that H 0 (X, F ∨ ) = 0 as H 0 (X, K L ) = 0 and therefore dim H 0 (X, M ∨ ) ≥ r + 1.
(1) Suppose H 1 (X, M ∨ ) = 0; then by Clifford's theorem (chap IV, thoerem 5.4 [H] )
Proposition 3.3. Let X be an hyperelliptic curve of genus g ≥ 2, and let π : X −→ P 1 be the standard morphism of degree 2 given by the canonical sheaf ω X . Then for the pair (X, ω X ), the vector bundle K ωX = π * O P 1 (−1) ⊕g−1 ; in particular, (X, ω X ) satisfy the condition (⋆).
Proof. This follows from the fact that the canonical map X −→ P g−1 , given by the line bundle ω X , factors through X π −→ P 1 −→ P g−1 , where ω X = π * O P 1 (g − 1), and the following short exact sequence
We now recall some properties of M g , the coarse moduli scheme of parametrizing non-singular curves of genus g in characteristic p > 0, as defined in [Mu] :
(1) the scheme M g is a quasi-projective F p -scheme.
(2) if π : X −→ S is any flat family of nonsingular projective curves of genus g, where S is an F p -scheme, then there is an associated "classfying map" S −→ M g of F p -schemes; (3) in particular, if S = Spec k, where k is an algebraically closed field of characteristic p > 0, and X −→ Spec k is a non-singular projective curve of genus g, then the classifying map Spec k −→ M g determines a k-valued point of M g ; in fact the map {iso. classes of non-singular projective curves of genus g over k} −→ M g (k) = {k-valued points of M g } is a bijection. (4) There exists a flat family as in (2) such that S is irreducible, nonsingular, and quasiprojective over F p , and the classifying map S f −→ M g is surjective (we call such an X −→ S "covering family of curves of genus g").
If X −→ S is a covering family as in (4), and k is any algebraically closed field of characteristic p > 0, then f : S −→ M g induces a surjection S(k) −→ M g (k), and so if C is any non singular projective curve of genus g over k of characteristic p, then there exists a morphism Spec k −→ S, with image s ∈ S say, so that Spec k → Spec k(s) ֒→ S and C ∼ = X s × k(s) k. Given a pair of curves C 1 and C 2 defined over k, we define C 1 to be a generization of another curve C 2 if there exists maps Spec k(s 1 ) ֒→ S and Spec k(s 2 ) ֒→ S such that C 1 = X s1 × k(s1) k and C 2 = X s2 × k(s2) k and the image of Spec k(s 2 ) ֒→ S −→ M g is in the Zariski closure of the image of Spec k(s 1 ) ֒→ S −→ M g . Then, in fact it is possible to choose points s 1 , s 2 of S so that C i ∼ = X si × k(si) k, and s 2 is in the Zariski closure of s 1 in S.
Lemma 3.4. Let C be a curve of genus g ≥ 2 which is a generization of a hyperelliptic curve, then the pair (C, ω C ) satisfy the condition (⋆).
Proof. Consider a (flat) covering family of nonsingular curves π : X −→ S, where S is an irreducible (non singular) quasi-projective F p -scheme. This is a projective morphism. Consider the canonical map π * π * ω X/S −→ ω X/S −→ 0, where ω X/S is the relative sheaf of differential modules for π. Let K be the kernel vector bundle of this map, then taking the Frobenius pull back we get another short exact sequence
For any point s ∈ S and the reduced fiber X s ⊆ X, we have following commutative diagram with canonical maps,
Therefore restricting the above short exact sequence to the fiber we get 0 −→ i * X F * X K −→ i * X F * X π * π * ω X/S −→ i * X F * X ω X/S −→ 0. Here, i * X F * X π * π * ω X/S = F * Xs π * s i * S π * ω X/S = F * Xs π * s π s * i * X ω X/S by the base change theorem applied to ω X/S = F * Xs π * s π s * ω Xs
Xs → 0 is exact. Let C be the generization of a hyperelliptic curve C ′ ; then there exist points s, s ′ ∈ S such that C ′ ∼ = X s ′ × Spec k(s ′ ) Spec k and C ∼ = X s × Spec k(s) Spec k, where Spec k(s ′ ) ⊆ S is in the Zariski closure of Spec k(s) ⊆ S. By the exact sequence (3.1), we have F * Xs K ωX s = (F * X K) ⊗ OS k(s) and F *
is a direct sum of g − 1 copies of a line bundle, in particular F * X ′ s K ω X ′ s is semistable. Hence, by theorem 2.8 of Maruyama ([Ma] ), the sheaf F * Xs K ωX s , is semistable all s ≥ 0. This proves the lemma.
Corollary 3.5. If C is a nonsingular curve of genus g ≥ 2 then
(1) HKM (C, ω C ) ≥ g, moreover (2) if C is a generization of an hyperelliptic curve then HKM (C, ω C ) = g,
Remark. If C is a nonsingular curve which is not hyperelliptic then, by classical theorems, the line bundle ω C is very ample on C and the embedding C −→ P g−1 is projectively normal, i.e. the homogeneous coordinate ring of (C, ω C ) equals the section ring of (C, ω C ).
Proposition 3.6. Let X be a smooth curve of genus g = 2. Let L ∈ J(X) be a line bundle of degree 0, then K ω 2 X ⊗L satisfies the condition (⋆). Proof. For L ∈ J(X) consider the canonical map
This implies that cokernel of s is a torsion free sheaf and hence coker (s) = L −1 . This gives the exact sequence
Hence, for any iterated Frobenius map X F s −→ X, we have 0 −→ F s * L 1/2 −→ F s * K ω 2 X ⊗L ⊗ F s * L 1/2 −→ F s * L −1/2 −→ 0, where slope F s * L 1/2 = slope F s * L −1/2 = 0. Now we use the well known result that if
is a short exact sequence of vector bundles such that V ′ and V ′′ are semistable vector bundles of same slope then so is V . This implies that F s * K ω 2 X ⊗L ⊗ F s * L 1/2 is semistable and hence F s * K ω 2 X ⊗L is semistable. This proves the proposition. Corollary 3.7. If X is a nonsingular curve of genus g = 2 then for any L ∈ J(X) the HKM (X, ω 2 X ⊗ L) = 3 = g + 1. Proof. It is a consequence of theorem 2.2 and proposition 3.6. Proof of the claim. Let S = ⊕ n≥0 S n , where S n := H 0 (C, M n ). Let B = ⊕ n≥0 B n , where B n := H 0 ( C, L n ). Then, by the proof of proposition 2.2,
Similarly for HKM (C, M). We note that S 1 = B 1 = H 0 (C, M), and the short exact sequence
(because the singularity is a node or a cusp) gives
−→ B n be the respective Frobenius maps, then µ n−q is surjective if n > (3q+1)/2 (see proof of proposition 2.2) and 0 ≤ ℓ(coker µ n−q ) − ℓ(coker µ n−q ) ≤ 2, for all n > q.
This implies
Note that µ n−q is surjective for all n ≥ (q − 1)h + 1, where h = dim(S 1 ). Therefore Hence the claim. This proves the proposition.
Next, we compute the HK multiplicity for the coordinate ring of an arbitrary non-singular plane curve, in terms of a certain parameter l ≥ 0. Before that we prove the following lemma for arbitrary nonsingular curves. (We do not know if this appears in the literature already; in characteristic 2, it is (4.3) in [JRXY] ).
Lemma 3.9. Let X be a nonsingular curve of genus g over an algebraically closed field k of characteristic p > 0. Let V be a semi-stable vector bundle of rank 2 such that F * V is not semi-stable, then there exists an exact sequence
such that L, M are line bundles, and
where 0 < l ≤ g − 1, and 2l is an integer congruent to p deg V (mod 2).
Proof. Since F * V is not semistable there exist line bundles L and M with a short exact sequence of O X -linear maps
where l > 0, and 2l is an integer congruent to p deg V (mod 2). Case 1 Suppose the sequence (3.2) does not split; then H 0 (X, ω ⊗ L −1 ⊗ M) = 0. This implies deg L − deg M = 2l ≤ deg ω X and hence l ≤ g − 1.
Case 2 Suppose the sequence 3.2 does split; then F * V = L ⊕ M. Recall that there exists a canonical connection ∇ : F * V → F * V ⊗ ω X on F * V , given locally by ∇(F * e 1 ) = ∇(F * e 2 ) = 0, where {e 1 , e 2 } is any local basis for V .
Let
is the canonical projection map. Now let a and s be local sections of O X and L respectively; then f (as) = p • ∇(as) = p(s ⊗ da + a∇s) = p(a∇s) = a · p∇(s) = af (s). This proves that f is an O X -linear map.
Claim. f = 0. Proof of the claim Suppose that f = 0. Note that locally, L is a free O X -module of rank 1 in F * V , generated by a section of the form s = aF * e 1 + F * e 2 , or of the form s = F * e 1 + bF * e 2 . Without loss of generality one can assume s = aF * e 1 +F * e 2 . Then f (s) = 0 implies F * e 1 ⊗da ∈ L ⊗ ω X . Hence we can find a local section w of Ω X such that F * e 1 ⊗ da = (aF * e 1 + F * e 2 ) ⊗ w, which implies w = 0 and da = 0. Hence a = a p for some local section a of O X . This implies aF * e 1 + F * e 2 = F * ( ae 1 + e 2 ). Hence L = F * L ′ for some line sub-bundle L ′ of V . Thus, there exists a line bundle M ′ and a short exact sequence 0
which contradicts the semi-stability of V . Hence the claim. Now f = 0 implies Hom (L, M ⊗ ω X ) = H 0 (X, L −1 ⊗ M ⊗ ω X ) = 0, which implies l ≤ g − 1. Hence the lemma.
Theorem 3.10. Let X be a nonsingular plane curve of degree d over an algebraically closed field of characteristic p > 0, and O X (1) the corresponding very ample line bundle. Let s ≥ 0 be a number such that F s * K OX (1) is semistable and F (s+1) * K OX (1) is not semistable (if F t * K OX (1) is semistable for all t ≥ 0, i.e., ( * ) holds for (X, O X (1)), we take s = ∞). Then HKM (X, O X (1)) = 3d 4 + l 2 dp 2+2s
, and 2l is an integer congruent to pd (mod 2).
Proof. Note that if s = ∞ then the theorem follows from theorem 2.3. Hence we can assume that s < ∞. Let W = F s * K OX (1) ; then the vector bundle F * W is not semistable. Hence there exists a line sub-bundle L of F * W whose degree is strictly greater than the slope of F * W . Hence there is an exact sequence does not split, then h 1 (X, F k * L ⊗ (F k * M) −1 ) = 0. Hence h 0 (X, ω X ⊗ F k * L −1 ⊗ F k * M) = 0, Let X be a nonsingular plane quartic curve over an algebraically closed field k. Then X = Proj R. where R = k[x, y, z]/(f ), and f is an homogeneous polynomial of degree 4. Note that for the canonical embeding X = Proj R π −→ P 2 , we have ω X = π * O P 2 (1), by the adjunction formula. It means that the embedding π is given ω X and R ∼ = ⊕ n≥0 H 0 (X, ω n X ). Therefore (HK multiplicity of R) = (HK multiplicity of (X, ω X )). Recall that K ωX is a semistable vector bundle of rank 2, by [PR] . If (⋆) holds for K ωX , then the HK multiplicity equals 3.
We recall some results of Monsky [M1] , [M3] (see also [M2] ). Note that X α = Proj R α π −→ P 2 is a nonsingular plane quartic of genus 3. We also note that, as remarked in [M1] , given any integer n ≥ 2 there exists such an α ∈F 2 such that m(α) = n. Similarly given any n ≥ 1 there exists λ ∈F 3 such that d(λ) = n. Applying theorem 3.10 and proposition 3.1 to these examples, we get the following.
Proposition 3.13.
(i) Given any integer n ≥ 2, there exists a non-singular quartic curve X α ⊆ P 2F 2 , given by the equation αx 2 y 2 + z 4 + xyz 2 + (x 3 + y 3 )z = 0
where m(α) = n, such that the vector bundle V α = Ω 1 P 2 | Xα is a semistable vector bundle on X α of rank 2 and degree -4, such that the iterated Frobenius pullback F n * V α is not semistable, while F (n−2) * V α is semi-stable. (ii) Given any integer n ≥ 1, there exists a non-singular quartic curve X λ ⊆ P 2F 3 , given by the equation z 4 − xy(x + y)(x + λy) where d(λ) = n, such that the vector bundle V λ = Ω 1 P 2 | X λ is a semistable vector bundle on X α of rank 2 and degree -4, such that the iterated Frobenius pullback F n * V λ is not semistable, while F (n−1) * V λ is semi-stable.
Theorem 3.10 above is applicable provided s ≥ 0, i.e., the kernel bundle K OX (1) is semistable; this holds (using [PR] ) when d = deg X = 4, as noted above. We do not have an example where this fails for a smooth plane curve, but for completeness, include the following.
Putting all this together, we get the desired formula HKM (X, L) = d 2 + 1
